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ABSTRACT. In this paper we prove some results on relative order of iterated functions with 


respect to iterated functions formed with entire and meromorphic functions. 


1. INTRODUCTION AND DEFINITIONS 


The Maximum modulus of an entire function f(z) is defined by 
My(r) = max(|f(z)] : |z| =r}. 
If f is non-constant then My(r) is strictly increasing and continuous function of r and its 
inverse 
M5” : (1£(0)|, 00) = (0, 00) 
exists and is such that 
lim My(r) = oo. 
Definition 1.1. The order of an entire function f(z) is defined as 
log?! M 
pr = lim sup T MNE, 
r00 log r 
In [4] Bernal introduced the definition of relative order of entire functions as follows. 
Definition 1.2. [4] If f(z) and g(z) are two entire functions then the relative order of f(z) 
with respect to g(z) is defined as 
Po(f) = infíiu>0: My(r) < My(r*) for all r > ro(u) > 0) 
log M,*My(r) 
= limsup 
r00 log r 





Key words and phrases. Entire function; Meromorphic function; Relative order; Composite function. 


©2021 Science Asia 


2 DIBYENDU BANERJEE AND MITHUN ADHIKARY 


If f be meromorphic then Lahiri and Banerjee [7] introduced relative order of f with 
respect to entire g as follows. 


Definition 1.3. [7] The relative order of a meromorphic function f(z) with respect to an 
entire function g(z) is defined as 


py f) 


inf{A>0:T;(r) < T,(r?) for all r > ro(A) > 0] 
log T, *Ty(r) 
= lim sup ——. 
r00 log r 
After this, Banerje [1] introduced the definition of relative order of a meromorphic function 
f with respect to another meromorphic function g as follows. 


Definition 1.4. [1] The relative order of a meromorphic function f(z) with respect to a 
meromorphic function g(z) is defined as 


pal f) = anf(g 0: T(r) < Lo(r)]€ for all r} 
o ff log Ty(r) 
VB Gee) 


Here we introduce the following definition. 


Definition 1.5. The relative order of an entire function f(z) with respect to a meromorphic 
function g(z) is defined as 





logr 
pg (f) = lim sup - ; 
y r>œ logT, (Ts(r)) 


Very recently [2] Banerjee and Adhikary proved some results on relative order of composite 
function with respect to composite function formed with entire and meromorphic functions. 
In the present paper we generalise the results of Banerjee and Adhikary for iterated functions. 


2. KNOWN LEMMAS 


In this section we present some known lemmas which will be needed in the next section. 


Lemma 2.1. [6] Let g be an entire function. Then for all large values of r 


Tou) < log MAT) < Sh 


Lemma 2.2. [9] Let f and y be two entire functions. Then for all large values of r 


1 1 p 
Tyog(?) > 3 log Mj(5MsCT)). 
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Lemma 2.3. [5] Let f and g be two entire functions. Then for all sufficiently large values 


ofr 
MiM) — lg(0))) < Miss) < My(My(r)). 


Lemma 2.4. [3] If f is meromorphic and g is entire then for all large of values of r 





a TMr). 


Tfog(r) < {1 ! OO EM.) 


Lemma 2.5. [8] Let f and g be two entire functions. If M,(r) > ?5*|g(0)| for any e > 0, 
then 


Tyog(r) < (1+ €)T(M,(r)). 
In particular if g(0) =0 then 
Tfog(r) < Tj(Mg(r)) 


for all r > 0. 


3. PRELIMINARY THEOREMS 


In this section we presents some results in the form of preliminary theorems which will be 
needed in the sequel. 


Theorem 3.1. Let fi, f.,-** , fn be entire functions. Then for all large values of r 
M fiofzoofn (r) < Mg (Mrl oe Ms (r) € ve )). 
1.6; 


M;"(- ES M; (Mg'(r)) Uer ) < Mo fam, (1)- 


Proof. Using Lemma 2.3 successively, we get 


(3.1) M pro foo--of, (1) € Mp (Mg (o Me, (My, r)) --)). 


Taking 
we get 


So from (3.1) we get 


My (My (++ Mg Mr) 7) € Miis, (1)- 
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Theorem 3.2. Let fi, fo,:-*, fn be entire functions. Then for all large values of r 
1 1 1 r 
fi eae eee > Mi (Ċ MM a 
1.6; 
2M, (18M; (+ 18M7 (9Mg (r)) ---)) > Mp spoof, (r) 


Proof. For two entire functions f; and f? we get from Lemma 2.3 
1 T 





Mpof2 7) z Mr (3 Mg(5)). 
Now for three entire functions f1, fo and f3 as in the above we get 
1 T 1 1 T 
Mof;ofs(T) 2 Mota ¿Mp (3) E: Mi (Mg Me) 

Similarly for n-functions, we get 

1 1 1 r 
(3.2) M fiofzoofa (1) 2 Mal ng fires 18 M5) Eee yp. 
Taking 

1 1 1 r 
MEM Ml Ma as NN 

we get 


r 2M; (8M; (+ 18M} (9Mg (R))---)). 
So from (3.2) we get 
2M;*(18M;* (C --18Mg (9M; (r)) ---)) > Mgigssr, (r). 


Theorem 3.3. Let fi, fz, , fn be entire functions such that Mp (r) > 7£|f,(0)| for i = 
2,3, ...n and for any e > 0. Then for all large values of r 


P scout) e pec M. CMS). 


In particular taking € = 1, we get 


-1, T 


"bari xj zd 
My, (Me U Mg (T5 sr) m )) = Taten Uv 


Proof. For entire functions fi, fo, f3 using Lemma 2.5, we get 
Tog, (r) < (1 22 es (Mg, (r)). 
and 
Thofofa(r) € (1+ 0) T pos (Mg(r)) € (1 + "T4 (My, (Mg (r))). 


Similarly for n-functions, we get 


Tropo-of (1) € (1+) Th (Ma Mr, lr) e) 
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In particular taking e = 1, we have 


Tp TM CG): 


Choosing 
POT (Mp, (My, lr) = )) =R 
we get 
1-1 Aj 
bs My. ( Pi Mg ( fi (Saat) )) 
Hence 
1/41 -1pp-1(_* = 
My. (Mr. (M (Ts, os ^ i s Tons. ST p 
Theorem 3.4. Let fi, f?,--- , fn be entire functions. Then for all large values of r 
1 1 1 
Thofzonofa(r) 2 3log Mp (g Mrl: MRE) : 
167 
8M, (18Mz (.--9Mg (expar) ---)) > Tro ponof,("): 
Proof. For entire functions fi, fo,--- d using Lemma 2.2 we get 


1 T 
Cs CZ 3 Log Mala 9 M pro ao=0Jn (q ))- 


Now using Theorem 3.2 we get 


1 1 r 





1 1 1 
fae soe > -log Mi (=Mp¿ (Ms M,,(---—M, (= 
i.e; 
8M; (18M; (---9Mg (exp3r)-- )z boom of, (f r). 
Theorem 3.5. Let hı be a meromorphic function and fa, fa,--- , fn be entire functions. 


Then for all large values of r 


Thiofoo-of (Tr) < Thy (My, (Mg, (> My, (r)---))). 


Proof. Since hı is meromorphic and fa, f3,--- , fn are entire functions, we have from 
Lemma 2.4 


Thiofzoofa (T) < Tha UM fs fo of (P) )- 


Now from Theorem 3.1, we get 


Thiofao-of (T) < Th (Mi (Mg, (> Mg (r)---))). 
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4. MAIN THEOREMS 


In this section we present main results of the paper. 


Theorem 4.1. Let fi, fo,--- , fn and hi, he,--- , h,, be entire functions of respective finite 
nonzero orders and g be a polynomial of degree m. Then the relative order of hi o h20- - -ohn 
with respect to fio f30---o f, og satisfies the inequality 


Phn 
m fn i 


hn 


À 
Po of20---0 fno h h aie hn < 
mpr < Pfrofro~-ofnog(ha © ha +++ o hn) < 


n 


Proof. We have by definition of order for any e > 0 there exists ro(e) > 0 such that 











(4.1) My, (r) < exp(r?^^**) for all r > role) 

A I 2) 
(4.2) ie; Mg (r) > expl log“ r}. 

Ph TE 
Similarly 
4.3 M7! (r) > ex log?! r : 
(43) jr) > ep — og r) 
-1 1 a 

(4.4) Ms. (r) > PUO : log^ r}. 


Again for arbitrary e > 0 and for all large values of r 





(4.5) My (r) > exp[r^n =}; 
(4.6) Mr (r) > exp(r^^ *) 
(4.7) Ms, (r) > exp(r^m *). 
Let g(z) = ao + a4z + a22? + +++ + az". 


Then for any e > 0 there exists r,(e) > 0 such that 


(4.8) lam|r "(1 — €) < Mir) < lastre (1 + €) for all r > r(e). 
So 
(4.9) Mj (r)- Usa E and Mj (r) « d — a 


So 
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log M7 Mhyohyo---oh,, (T 
Dfiofao-ofaog(1 0 ha 0s o ha) = lim sup s fiofao-cofaog mue ^s » 
r—0o logr 
og MA UM? Mi (ME My ohso- on, (7))) ++: 
> limsup; oo dar tn ( fa A hroñzo-ohn (1))) ++) (from Theorem 3.1) 
oe M>1(M71(.-- M71 (M71(M,.(1M,.(.-- Ms (LZ)... Te 
> limsupr>0 ER fr fa f im iG hal 18 mt) 79) Y (tom Theorem 3.2) 
log r 
og My (Msg C Mg (Mg (Mn, (S Mra Co (ep 7) ))- 
> limsup; oo z 2 1 [mem (from 4.7) 
Sas, POB MG (MF Cs Mg Mg (Mm (§ Mna + (expli exp)» 7h 179) )))) +25) 
Z Dpr—oo logr 
log M; (M; (+ (Mg (Ms, (exp[s expli exp(-- 
ME E T)Ahn 75 ha-1i78... ^n, € d 
dined [4 exp(5) d PED) cauaa) 
log M; (Mz (^ (Ms, (exp; log"! (exp[5 expl yg exp( +- 
y Ahn —€ Ah 17€ PRI An, 7€ ute 
pA. - [3s exp (5) ] )] DDD) (from 4.2) 
logr 
— — T —6e]^ =E —€ 
T log M; (Mz (Ms, (exp{ 3H = (4 exp[ 4 exp: +: [$ exp( 5) 079 na ©. - 2 79) +. -)) 
> limsupr—+oo lor 
log M; (Mz (^: (Ms, (exp{ zl log” (exp( 2^ AA Er — expl; exp[ exp 
—e]^ —€ E 
Simia RG PP) 
E pre logr 
log Mg (Mr -- Mg, (expt (3 expli exp( > [i5 exp($) 7] 7t. pa 79g) 
> li B Mg fa f3 xp{ eS Plig €XP 18 CXP\ 2 
Z WmSsupr— oo logr 
og M; (Mg (exp > log? (exp ($ exp( 2)» -*)»-17*)))) +00) 
> limsupr-,00 nc 
log r 
M> (Mz! hn—1 frg, —€ O(1 
og Mg (M; (exp 7732 (8) "^ “})) + O(1) 
> limsup:i co wat 
logr 
og Mi log (exp( == (p) -*))) + O(1) 
> limsup:i co nal 
logr 
- Ahn —€ r 
og My (exp( 225! 1og(2)]) + O(1) 
> limsupr>00 B 
logr 
Ann 70 
M ((2)^**) +001 
> timeup,..., PEM HGT} +000) 
log r 
Xin = 
pn +o) 
08 LA 
> limsupr—sco lam Lt e) (from 4.9) 
logr 
Anat 


> limsupr>00 


1 log((2) ^^ * } — 


log lam|(1 + €) + O(1) 











logr 

1 222 log(g) — log |am|(1 + €) + O(1) 

; fn 
> limsupr>00 

m logr 
1 An, — € 
m pf, TE 
1 Ann 
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Again for all sufficiently large values of r 
(4.10) Mn, (r) < exp{r?™*}, Mn, (r) < expire} Dur , Ma, (r) < exp(r^^*) 


and 
(4.11) 


E 1 
Mg (r) « exp{ jm 








1 = 
- log? lr}, M, T(r ) < o — log? lr} ~ Mor) < expt y z log?! r} 


ue 
Now 
—1 
P fro foo--of,og(h1 o ha 0 o hn) = lim sup log — (r)) 
log(2M; ! (18M; (18M; | (--- 18M, (9M5 (Mn, onso--on, (r))) :::)))) 
logr 
log(2M; ! (18M7 (18M; (=> 
-:18M 5, (9M 5 (Mn, (Mp, (>> Ma, (7): ))) +++) 
log r 
log(2M; ! (18M; (18M; (> 
::18Mg (9M £ (Mp, (Mp, (+ Mp, _, (exp(r?«*9)) > --)))) -))) + 0(1) 
log r 








< limsupr—soo ( from Theorem 3.2) 





) ( from Theorem 3.1) 





< limsupr-+0 








x limsupr-+0 





log(2M; ! (18M; (18M; (> 
-:18M 5, (9M 5 (Mp, (Mn, (>>> Mp, (explexp(r?ns **)]^*a-:**). -.)))) --))) + O(1) 
logr 





< limsupr-+0 





log(2M; ! (18M; (18M; (> 
-:18M 7, (9M;,*[exp(exp(-- - (exp(r?a- *9)) ---))P 9] )))) + 0(1) 
logr 





< limsupr-+0 





log(2M; ! (18M; (18M; (--- 


++ (18 exp{ + log” [exp(exp( + (exp(rm«*9)) ---))nt]3) --)) +0(1) 
logr 





(from 4.11) 





< limsupr-+0 





log(2M; ! (18M (18Mz. (> 


-- (18 exp{ 222177 [exp(exp(: - - (exp(r? **)) ---))n*9]]) ---))) + 001) 
logr 








< limsupr-+0 





log 2M, ! (18M; (18 exp{ x L log?! (exp(exp(r?»^ **)))?^»-:**Y))) + O(1) 
logr 
log(2M; ! (18M; (Bepi 11 (pPnn +€)}))) + O(1) 





< limsupr-+0 





< liMSUPr+00 








log r 
Phn +e 
log(2M; ! (18r in") +0(1) 
< limsup;y-300 ber 


Phn Fe 
log{ BES} + O(1) 
logr 








(from 4.9) 


< limsupr-+0 
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Phn t€ 
1 logr*m”* — log |a,,|(1 — €) + O(1) 
< limsup, sss 
m log r 


1 E logr + O(1) 


< limsup, sss 
m 








logr 





< — 


1 
< tn since € 0 is arbitrary. 





Theorem 4.2. Let fi, f2,- , fn, hi, ha: , hn be entire functions of respective finite nonzero 


orders and gi, g2 be two polynomials of degree mı, m» respectively. Then the relative order 
of hy o hao --- oh, o go with respect to fy o fgo---0 f, oq, satisfies the inequality 








ma An M2 Ph 
—— <p of20---0 fno hı ohgo--+ ohn 0 go ae ee 
m pp, nie al ) a 
Proof: Let 
gi) = ao + a12 + a22? Ei H am, e 
and 
go(z) = bo + biz boa? -E + bma?” 


be two polynomials of degree m4, m» respectively. Take R = |bm,|(1 — e) (5)? 
By the definition of relative order of an entire function with respect to another entire func- 


tion we have 


M7} T Mhioh 0-::0hp o de 
Dfiofao--ofaog (h1 © ha 0o hn o ga) = lim sup EP pnofaoofn a Ee gar) 


T— 00 








log Mj! (Mz -- MEI (ME (Mnongo--ohaoga (T))) - 
> limsupr so E Mai (My, ( fa ( " (Mn shoe otnoga(1))) » from Theorem 3.1) 
ogr 








loe MZ!(M7!(---M7!(M7!(M,. (Ms. C-- My (LM (E -- en 
> timsup, EM Og (> MM B i Min Gs Ma 9) 7) rom Theorem 3:2) 





log Mp, (Mr C: Mg, (Mz (Mr (5 Mas C^: Ta Marg (10m (1 — 9(5)72) +++) ++) + OC) 


> limsupr>0 pm 

log Mj (M; C ii Mg (Mg (Ma, ($ Ms; (- ES 

AM PUE RMN)... ew O(1 
S limsup co rna (38 ep ap) aaa S edm 
ogr 

log Mj; (Mr. C Mg (Mg (Mn: (5 Mna (> 
Le de Mss a (de exp(exp (P 7) P 4) ++) +++) + 00) 
> limsupy oo Em 
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log M; (Mg Mg (Mg! (exp(3 exp(- - 


“+ (exp(exp(Pv 9) i7 MIOECENE + O(1) 





> lmsupysso m 
ogr 


log M UM in Mg (pt log?! (exp(- eh 


-: Cexp(exp(Fóws *) 17) 579] ---)) + OCD) 


logr 


= = = A 
log Mi (Mg e Mg (expt mer log (5 exp(-- 


:: (explexp(RAm7e)mm175) > - ra) }) > ++) + O() 
log r 








> MINSUD p06 








> lmsupy.soo 








log MH ME (+ Mg (expl r log?! [exp 2* ES — exp(-- 
+ (expfexp(?s« 79)» *)---»7*)p--- 9 +0(1) 





> Hmsup,-sso 











logr 
log M; (My. (esp x log”! [exp( Rn 799» 7*3) + O(1) 
> Hmsup,:5s 
ogr 
= A —€ E 
log Mo (Mr. (exp( 72 log? exp(v»-*)])) + O(1) 
> limsup, oo ES Tm 








A —€ 
log Mj, (exp zz log? [exp 72-5 Ry] + O(1) 





> limsup, sss 


























logr 
log M; (exp( 2*2 log(5)"*)) + O(1) 
> Hmsuprsss [m 
ogr 
Ahn ~€ 
log MAL Pmt) + O(1 
> limsup, 300 Eu m E ) ( Jii 4.9) 
ogT 
Ahn TE 
Z PS 
: log{ 9 Dm im ! O(1) 
> lmsups se ps 
ogT 
ma Ann —€ ES 
| ma Ma log y — log lam, |(1 + €) + O(1) 
> limsup, sss 
ogr 


mg Ahn 


m4 Pf, 





since € > 0 is any arbitrary. 
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Using the same arguments as in Theorem 4.1 we can show that 





M2 Phy 
Pfiofoo--ofnogi (hy Oo ho Dhaos O hn o 92) < m; m : 
Theorem 4.3. Let fi, f?,:-- , fn, Ro, ha,--- ¿hy be entire functions and g} be meromorphic 


function of respective finite nonzero orders and gs be a polynomial of degree m. Then the 
relative order of g1 o hao --- o hp with respect to fio f20---0 fno ga satisfies the inequality 


Ph 
o f20---o fno ohgo---oh < —. 
D fio foo--0fnoga (91 © ha uS a 


Proof: We know from the definition of lower order, for all large values of r 














1 
(4.12) Mr (r) E expl; log?! r}. 
fie 
Similarly for all large values of r 
1 
(4.13) M5 (r) < exPly log?! r}. 
fa — € 
24 1 [2] 
(4.14) Mr. (r) < exPly log“! r}. 
fn € 
Also 
(4.15) Ty, (r) < r?%**, for all large values of r. 
Let go(z) = ao + 012 + a22? + +++ + az". 
Now 


lo Trl EET UN Tg, 0h o--:0hp (T 
Dfiofao--ofnoga (gi © h2 0 ++ ohn) = lim sup B Tp ofyo-ofnoga Trisha () 




















roo logr 
log(8M;; (18M; (--- 18M (9M;  (exp(3Ty, on;o.-on, (1)))) >> 
< limsupr soo e(8Ms, ( fs f2 ( fı (Expos ona hn (7) » (from Theorem 3.4) 
logr 
log(8M5; (18M; (--- 
--- 18M7! (9M 7 (exp[3Ts, (Mna (Mns (++ Ma, (r) -+> i$ 
mess fo (9M; (exp[3T y, (Mn, (Mans ( IS) (mine Si 
log r 
log(8M5; (18M, (--- 
---18M:*(9M5*HexpI3T,. (Mr. (Mn. - M; exp(rPhn-e))... dee 
T PN OMT Mis (Mss Mis eniro 3) DID) eon 4,1) 
ogr 
log(8M¿,'(18M;,*(---18M7,' (9M 5 '(exp[3T,, (explexp(- - - (exp(r^^»*)) ---)))P#2t]))---)) 
< limsupr>00 log? 
log(8M5; (18M, (--- 
l -::18Mg (9M (explexp(exp(exp( - - (exp(r?hn+e)) ---)))?h2te]?a1te)) ---))) 
< limsup; oo 2 7 1 
ogr 





log(8M,,' (18M7, (---18M 7, (exp{ DE log” (explexp( -  exp(r^»**) --- ]^ni)))---))) + OQ) 


< limsupr>00 E 
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21 (explexp(.- exp(r^t*) -+-)?2*«))})-++))) +0(1) 


12 
log(8M;;' (18M; (- -- 18M; (exp{ 
logr 





< limMsupr>00 
(exp[exp(---exp(r?hnte)--- )Phate])}})---))) + O(1) 


Pai t€ 
vns pres) OU) 


log(8M;; (18M; (>> 
—1 
18M, (expl y= log!” Afi 76 
logr 


(explexp(: - - exp(r?hn te) 





Phote 
À fo —€ 


< limsupr>00 
log(8M;,'(18M;,) (+ - - 18M; (exp( 
log r 





< liMsupr>00 
PA Ph, tE $ 
18M7, (exp ¿rom **y))) + O00) 


logr 


log(8M,," 
Phy tE E 
log" (exp{ 5217 r^f **))])) + O(1) 





< limsupr>00 
1 


log(8M;; (exp{ a 
log r 





< limsupr>00 
Php tE z 
exp{ x1— log( $5221 ^7 +}})) + O(1) 


log(8M;," 
logr 


logr})) + O(1) 





Php TE 


< limsupr>00 
log(8M,," (exp{ Yu 





< limsupr>00 





log(8M,.* 
< limsupy oo og(8M;, 





P fn 
f r^fn-* 
m leg i-e) 
logr 





+ O(1) 


(from 4.9) 








< limsupr>00 
Pin tE 
4 (log r *fn~* — log |am|(1 — &)) + O(1) 


logr 





< limsupr>00 


+e 
lI E log r + O(1) 


< liMSUPr— oo 1 
ogr 








e 1 Pin +€ 
m fn =é 
as € > 0 is arbitrary. 


Í ph. 


"mA, 
, fn, ho, has uh, be entire functions and gı be meromorphic 


Theorem 4.4. Let fi, f»,-- 


function of respective finite non-zero orders and gs be a polynomial of degree m. Then the 
relative order of fio fa30--- o f, o ga with respect to gı o ha30--- o hp satisfies the inequality 


Af. 


Phn 





Poishzosoha fi o fo Q sp fn o ga) > m 


m2” be a polynomial of degree m. 


aiz + sz" 
By the definition of relative order of an entire function with respect to a meromorphic 





Proof: Let go(z) = ao 4 | 
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function we get 
logr 





Dfiofao--ofaogalg1 © ha 0: 0o hn) = lim sup — 
ne : TOS idas (To ehao---oh, (r)) 








logr 
> limsupr—yoo — — — — (from Theorem 3.4) 
>> log(8Ms; (187. (--- 18M;,"(9M,,"(exp(8Ty,0hg0--0n, (7)))) ))) 
logr 
> limsupy sso from Theorem 3.5 
x Pr loe(8M;; (18M, (>>> ( ) 
+ 18M7 (9M. (exp[3To, (Mna (Mns (++ Ma (r) DDD 0) 
logr 


(from 4.1) 





> limsupr—soco = = = 
= Pros log(8M;; (18M, (- -18M7 (9M; (exp[3T», (Mna (Mns (--- 


Miu (expl rrt) D) 2) 
logr 
log(8M;; (18M! (- - 18M7 (9M;. (exp[3T,, (explexp(- - - (exp(r?^»-«)) - - -)))?n27«])) ---))) 
logr 
log(8M;; (18M; (- z 18M;," (9M z^ (exp[exp(exp(exp(: E 
+++ (exp(r?rnte))++-)))Phate]Paite)).-.))) 





> limsupr->00 





> limsupr->00 





























log r 
> limsupr—oo 
i P^? Tog (SMa: 18M;,"(---18M;,(9M;,"(explexp(exp(exp(--- (exp(r?n+<)) «++ )))Prate]Parte)) ---))) 
> limsup ie” 
E ENTE log(8M,,' 18M; (: A 18M," (exp{ rae log?! (explexp(- - - exp(r?na) ---)]?21t+e)})---))) +0(1) 
> limsup logr 
a lt T—o00 € 
7 og(8Mz (18M, (> 18M, (exp( £213 (explexp(-:  exp(r”rn t) =)=} +=) + OQ) 
logr 
> limsup, so € 
7 log(8M;! 18M; (> 18M, (exp x= log? (QUE (explexp( - - 
exp(r?tnte) ++ )Pna+e]))}) + +))) + O(1) 
logr 





> limsupr so 


€ 


log(8Mg (18M, (= 18M, (exp{ 22 (explexp(--  exp(r rnt) Ps]: )) + OC) 


log r 
+e 
log(8Ms;' (18M; (exp{ y ir^ 399) + 0(1) 





> limsupr—oo 


logr 





> limsupr—oo P Te 
log(8Ms;' (exp{ z log! (exp e= rer +})})) + 0(1) 


17€ 





logr 
- Phn 
log(8M5; (exp{ Ap logt E 
logr 


log[SMs; (exp{ 54225 log r])] + O(1) 





> limsupr—oo + 


ront) + O(1) 








> limsupr—oo 





logr 





> limsupr—oo DUET 
n 


log(8Ms; (r^r» *)) + O(1) 
logr 
Pinte 


e O) 


[am |(1—e) 


(from 4.9) 





> limsup; oc 








logr 





> limsupr—oo E 
A 


(log r*fn~* — log |am|(1 — €)) + O(1) 


ze 
m 
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logr 
+e 
E TE logr + O(1) 





> limsupr>00 


Afn — € 
Pin TE 
A fn 

Phn” 


>m 





>m 





as € > 0 is arbitrary. 
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